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It is shown that if two Reissner-Nordstrom space-times, both with the same mass m 
and charge e, glued together in the singularities, then the light ray in black hole of 
the first space-time can go continuously through the singularity into black hole of the 
second. The behavior of tidal forces near the Reissner-Nordstrom space-time singularity 
| is examined by considering what happens between two particles falling freely towards 

J> ■ the singularity. 
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A well known spherically symmetric solution of the Einstein Maxwell equations is the 
*q | Reissner-Nordstrom space-time. It represents a non-rotating black hole with a mass m 

and a charge e. The basic properties of this solution are discussed by many authors [6], 
Jhn [16], and [23]. 

Gad [8] studied the possibility of gluing two Schwarzschild space-times in their 
singularities. It is shown that if two Schwarzschild space-times, both with the same 
mass, glued together in the singularities, then the light ray in black hole of the first 
space-time can go continuously through the singularity into black hole of the second. 
This study was by well defining of the passage of particles through the singularity. 
Although such gluing of singular points is, of course, not possible within the theory of 
differential manifolds, because the differential manifold structure of space-time breaks 
down at a singularity. 

In the last two decades , somome mathematical frameworks have been found to 
generalize the space-time model and consider it to be a differential space rather than a 
differential manifold. For instance, a generalized model of space-time has been studied 
in a series of papers by Gruszczak [13] - [15], and Heller et al [17]. The theory of 
differential spaces open the possibilities to include singularities of space-time. We use 
here a special form of differential spaces studied in [10], [11], [12]. 

The aim of this paper is twofold, one is to study the possibility of gluing two 
Reissner-Nordstrom space-times in their singularities, the second is to study the be- 
havior of tidal forces near Reissner-Nordstrom space-time singularity by examining 
what happens between two particles falling freely towards the singularity. 
In the this work, the Reissner-Nordstrom solution together with its singularities is con- 
sider as d-space [10], [11]. 
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Since the theory of differential spaces is not commonly known, we give its basic 
definition in sec. 2. A brief discussion of the geodesies in the Reissner-Nordstrom 
space-time is given in sec. 3. In sec. 4 it is shown that: in the case of radial null 
geodesies, two Reissner-Nordstrom space-times can be glued in their singularities. The 
behavior of the Jacobi vector fields near the Reissner-Nordstrom singularity are studied 
in sec. 5. 

2 d- Spaces 

Since the theory of d-spaces, introduced by [10], [11] [12], is not widely known, we will 
present in this section the necessary basic concepts of d-spaces. 

Definition 1: Let M be a topological space. The pair (M,C) is called differen- 
tial space ( or d-space), and C differential structure, if C is a sheaf of continuous 
real- valued functions on M which form an algebra (w.r.t. pointwise operation). This 
definition generalizes Sikorski's definition [22] which requires global functions. In ad- 
dition, the composition of function g G C°°(R n ) with n arbitrary functions of C must 
again be a function of C, and M must carry the initial topology of C. The latter axiom 
is one of the reasons, why Sikorski's definition is not able to describe the singularities in 
general relativity [18]. Therefore, Heller and Sasin proposed [19] to use Mostow spaces 
[21] which called later structured spaces. These spaces are slightly more special than 
the d-spaces of definition 1. 

Definition 2: Let (M, C) be a d-space, x G M, C x the stalk at x. A map 

V:C X ^ 

is called tangent vector to (M, C) in x, if for all n G Natu, all f±, f n G C x , and all 
germs a of C 1 (R n ) at y := {fi(x), f n (x)) G R n , the equation 

V(a o (Mx), f n {x))) = £f =1 (^a) ■ V(fi) 

holds, provided a o (fi(x), f n {x)) G C x . Here dia denotes the partial derivative of a 
w.r.t. the i-th argument. 

The vector space of all tangent vectors to (M, C) in x is called tangent space T X M. 

The dimension of T X M can easily be computed: 
We call a subset F of the stalk C x dependent, if there is a germ g G F and a finite 
subset {/i, /„} C F not containing g such that 

9 = ao (/i,...,/ n ) 

holds for some C 1 -functions a. Now choose any independent subset G C C x such that 
all germs / G C x are a combination of finitely many elements of G, i.e. 

f = ao (h,...,f n ) (1) 

holds for some n, some local C 1 -function a on R n , and some /i, ...,/„ G G. Write G 
as G = {fj}jeJ- Then definition 2 shows that {Vj}j e j defined by 

Vj(fk) = $jk 



is a basis of T X M. 

On d-spaces, differentiation, differential forms and exterior derivative are introduced 
[10], [11] in a way similar to Sikorski's differential spaces. 

The topology of space-times with singularities has been a subject of frequent dis- 
cussions (e.g. in [3], [9], [19]). Also the definition of a d-space requires an a priory given 
topology. But definition 2 shows that the initial topology of C cannot be finer than 
this a priory topology. This leads to the following definition Definition3: Let (M, g) 
be a topological space, and F a sheaf of local function M defined w.r.t. the topology 
q. A topology a on M that is coarser than g, is called a slackening of F, if for every 
V £ g and every / 6 F(V), there are U £ a; U 5 V, and g £ F(U) such that/ = g|y 
holds. It is shown in [10], [11] that there exits a coarsest slackening a, such that all 
functions g 6 F{U); U € // are continuous. This /U is called initial topology of (M, C) 
It is not difficult to construct this initial topology explicitly (see [10], [11]). 

3 Geodesies in the Reissner-Nordstrom Space-Times 

The Reissner-Nordstrom solution is given by the following metric [16] 

ds 2 = -(1 - ^ + ^)dt 2 + (1 - ^ + ^dr 2 + r 2 (dtf 2 + sin 2 6d<p 2 ), (2) 

where m represents the gravitational mass and e the electric charge of the body. 
The geodesic equations for the metric (2) are given by the following equations 

du 1 e 2 — mr , 1n9 r 2 — 2mr + e 2 . 9 , 9 r 2 — 2mr + e 2 9 „. o, 9 

"T - + ? 2 o — u u sin 2 0(u 3 ) 2 + 

ar r(r 2 — 2mr + e z ) r r 

(™ ~ 4)(r 2 ~ 2mr + e 2 ) , 4n9 

^ ?A ^ 2 i( u 4 ) 2 = 0, (3) 

+ f - sine cos e(« 3 ) 2 = 0, (4) 
ar r 

tin 3 2 

— + -itV + 2cot0uV = 0, (5) 
ar r 

dn 4 2(-m+g) 1 4 

~; 1" -~o — r —^u L vT = 0, (6) 

ar r z — zmr + e z 

where r is an affine parameter, u a = and x a (r) are the coordinates of a space-time 
point on the geodesic. 

Let the geodesic 7 be given by j(t) = (r(r), 0(t), <f>(r) , i(r)) . Without loss of generality 
We suppose that 7(70) = (ro,#o, §,to) and for all r : (f> = |. Then ^ = -u 3 = and 
the above equations become 

du 1 e 2 — mr , ,, 9 r 2 - 2mr + e 2 , 9 . 9 

ar r(r^ — zmr + e 2 ) r 

(™-4)(r 2 -2mr + e 2 ), 4n9 

^ WIK r2 i( u 4 ) 2 = 0, (7) 

du 2 2 1 9 ,„> 
— + -uV = 0, 8) 
ar r 



du 3 , , 

17 " °' <9> 



du 4 2(-m + T , ^ 4 = q 
dr r 2 — 2mr + e 2 
Integrating equations (8) and (10), we obtain respectively 



= * (11) 

u ' = 2 T\ 2 > (12) 

where the integrating constant c\ represents the energy E (at r — > 00 ) of a test particle 
and C2 the angular momentum L [23]. 

Substituting (11) and (12) in (2), using the condition u 3 = , we get 

(- 1 ) 2 = c? + (*-!)U-V + S ) - < 13 > 
For timelike geodesies, k = — 1, equation (13) implies 

^ = ±[c 2 - (1 + ^(1-^ + ^. (14) 
Similarly, = corresponds to null geodesies, thus we have 

„i = ±tf-(^)(l-^ + (15) 

The ± sign is used in equations (14) and (15) since ^ > holds at each point on a 
geodesic where it is outward and ^ < where it is inward. 

To investigate what happens when the null geodesies approach the singularity r = 
0. Therefore we shall be interested in geodesies on which r decreases as the affine 
parameter r increases, that is, 4^ < 0. Hence the minus sign will be chosen in equation 
(14) and (15). Also we restrict ourselves to the region < r < r_ (assuming m > abse). 



4 Gluing of Two Reissner-Nordstrom Space-Times in Their 
Singularities 

Now we study the gluing of two Reissner-Nordstrom space-times Mi and M2 in the 
singularity, Mi and M2 being given respectively as follows 

dsj = _ ( i _ + £| )dt 2 + (1 _ 2mi + £| r i dr 2 + r 2 ( ^2 + sin 2 

ds 2 = _(i _ ^ + £| ) dt 2 + (1 _ f^ 2 . + ^dr 2 + r 2 (^ 2 + sin 2 ## 2 ). 

First we notice that we must have mi = m 2 and ei = e 2 , if Mi U M2 is a differential 
space, that is, a solution of Einstein's equation. Although there is not yet a general 
theory of partial differential equations on differential spaces, Einstein equations can be 
treated in this special case, where an open dense subset of the space is a differential 



A 



manifold [5]. So Mi U M2 is one single solution with the same integration constants, 
that is, mi = m 2 an d &i = &2- 

We consider radial null geodesies with zero angular momentum {ci = L = 0), then 
it follows from (15), (12) and (11) that 



u 



E(l - 



±E, 



2m 



u 2 =u 3 



0. 



Dividing (16) by (17), we obtain 



dr 
dt 



2m 



(16) 

(17) 
(18) 

(19) 



The minus sign is used in the region r < r_ (r± = m± \fm 2 — e 2 are the roots of the 
quadratic A = r 2 — 2mr + e 2 ), because in this region r decreases with increasing r, 



that is, % < 0. 
Integrating (19) gives 

where 



r* + constant 
2m 2 - 



(20) 



r* = r + m In absr 2 — 2m + e 2 + 



\/m 2 — 



== lna6s — . 



Equation (20) must be contrasted with the equation 

r = ±Et + textconstant, 



(21) 



which relates r to the proper time r. The surface r = r + is an event horizon in the same 
sense that r = 2m is an event horizon in Schwarzschild space-time. Also the surface 
r = r_ is a horizon [6]. Equation (20) and (21) show that while the radial geodesic 
crosses the horizon r = r_ in within finite proper time without ever noticing it, it takes 
an infinite coordinate time even to arrive at the horizon. This is clear from equation 
(17): When the geodesic approaches the horizon r = r_ the tangent in the t-direction 
tends to infinity (see, Fig. (1)). 




Fig. (1) 



At the singularity r = the tangent component in the t-direction tends to zero and 
in the r-direction remains constant. It is shown from the definition of black hole that 
in the region r < r_ no light ray can remain at a constant value of r but must move 
inwards to fall in the singularity r = and it can never escape to larger values of r to 




Consider two Reissner-Nordstrom space-timesMi and M2, both with the same mass 
and the same charge, and glued together in the singularities. 

The question arises: Can the light leave the black hole of Mi to fall into the black hole 
of M 2 ? 

To answer this question, we assume that the two black holes are represented by the 
two regions and III2 (see, Fig. (2)), and we see what happens at r = 0. 

Now in region III\ the end point of the trajectory may be considered as initial 
condition (u 1 = +E, u 4 = ) in region III2 at r = 0. Then a light ray in region III\ 
falling into the singularity can go continuously through the singularity into region III2 
along the world line 72 (see Fig. (3) and Fig. (4)). 

We considered the radial null geodesies, with zero angular momentum, running into 
the black hole. Some of them have a well-defined limit at r = (see equations (16) 
and (17)). This open the possibility to ask, what happens to geodesies beyond the 
singularity? and we try gluing two space-times in their singularities. This gluing can 
be viewed from the mathematical point of view: since the metric coefficients depend 
only on r, we can see that the metric and its first and second derivatives agree on the 
two sides of the glued two space-times. This satisfy the junction condition for gluing 
two space-times [20]. 





5 Tidal Forces Near the Singularities 

A physical meaning of Riemann curvature tensor is that its components describe tidal 
forces (relative accelerations) between two particles in free fall. Consider a body falling 
towards a black hole, then the effect of the gravitational attraction becomes infinite as 
the singularity is reached. Jacobi vector fields provide the connection between the be- 
havior of nearby particles and curvature, via the equation of geodesic deviation (Jacobi 
equation) 

^+4/"V = 0, (22) 

where v a are the components of the tangent vector to geodesic and rf are the compo- 
nents of the connecting vector between two neighboring geodesies. 

In order to investigate in detail the behavior of Jacobi fields we consider a con- 
gruence of timelike geodesies (path of particles) with timelike unit tangent vector v 
(g(v,v) = —1). We define at some point q on the geodesic j(t) dual bases e^e^, e^,e^ 



and e a ,e 2 ,e a ,e a of the tangent space T q M and dual tangent T*M respectively in the 
following way [7] : We choose e\ to be v a and e^e^e^ as unit spacelike vectors, or- 
thogonal to each other and to v a . If we parallelly propagate the basis along the timelike 
geodesic 7(7-) (that is, jj^ef = 0, i = 1, 2, 3), e\ will remain equal v a , and ef , e^, e| will 
remain to orthogonal to v a (see [16] p. 80). The frame e1,e2,e^,e1 is called "parallel 
transported" (PT) frame. The orthogonal connecting vector, rj a , between two neigh- 
boring timelike geodesies may be expressed as rf = rfe a a {rf = e 4 r/ a = 0), where Greek 
indices take the value 1,2,3. 

The Jacobi vector fields rf satisfy the following equation 

Drf 



Dt 



V> a , (23) 



^£ + R a bdc eyW^ = 0, (24) 

where i] a , a = 1,2,3, are the space-like components of the orthogonal connecting 
vector rf connecting two neighboring particles in free fall; rf = 0. The tilde denotes 
components in the PT frame and the components of the Riemann tensor R bdc are given 

by 

Ride = e a Ae g AR) gh - (25) 
From (2) the frame ef in Reissner-Nordstrom metric is given by : 

e- = (l- — + _)2(1, 0,0,0), (26) 

e a 2 =7^(0,1,0,0) (27) 
e% = (r sin fl) _1 (0, 0,1,0) (28) 

9 777 1 

eS = (l- — + ^r»(0,0,0,l) (29) 
The components of rf can be written as follows 

rf = {r ] \r ] \rf) = {rfAA\ 

Using (25) - (29), v a = ef and the components of Riemann tensor for the metric (2) 
(see appendix), in (24), we get 

D 2 rf 3e 2 — 2mr . , 

-r] , (30) 



Dt 2 r 4 

D 2 rf e 2 — mr 
Dt 2 ~ r 3 
D 2 rf e 2 — mr 
r 4 



rf, (31) 



rf, (32) 



Dt 2 

In order to write equation (30) - (32) in terms of ordinary derivative, we must evaluate 
the second covariant derivative derivative -j^pi- Using ef = v a , equation(23) takes the 
form: 

Drf _ drf ~ a b 



Dt dr 

where 



-7-+WV, (33) 



fa _ p a f g-pe 
1 ab — e e e a e b L fg- 



Differentiating (33) covariantly, using the Christoffel components of metric (2) (see 
appendix), we can write (30) - (32) in the form 



_ 3e 2 -2mr 
dr 2 r 4 V ' 1 ' 



e — mr g 



d 2 rf 

dr 2 ~ r 4 
d 2 rf e 2 — mr 



"V, (35) 



If the quantity 3e 2 — 2mr is positive (negative), then this indicates a tension or stretching 
(pressure or compression) in radial direction. Similarly, if e 2 — mr is positive (nega- 
tive) , this indicates a pressure or compression (tension or stretching) in the transversal 
directions. 



Conclusion 

The theory of differential spaces is used in gluing two Reissner-Nordstrom space-times 
Mi and at their singularities .It is found that a light ray in the black hole of M\ 
can go continuously through the black hole of M<i . The behavior of nearby timelike 
geodesies with zero angular momentum are investigated via the geodesic deviation 
equations. It is shown that there are a tension (or stretching) both in the radial and 
transversal direction according as the quantities 3e 2 — 2mr and e 2 — mr are positive(or 
negative)respectively. 



Appendix 

We use (x 1 , x 2 , x 3 , x A ) = (r, 9, <p, t) so that the non- vanishing Christoffel symbols of the 
second kind of the line element (1.1) are 

i e 2 — mr ^ 9 1 

r(r 2 — 2mr + e 2 ) ' r' 

! r 2 - 2mr + e 2 3 _ 1 
X 22 - - ^13 - -> 

, (r 2 - 2mr + e 2 ) sin 2 9 ^ 2 • n „ 

= >- ,r| 3 = -sinS cos 0, 

(r 2 -2mr + e 2 )(^-4) , 

1 44 — ~2 , 1 23 — COT (7, 

2/ m , e 2 \ 

14 r 2 — 2mr + e 2 



n 



The non-zero Riemann tensor are: 



R 



e — mr 



1 (e 2 — mr) sin 2 



212 - ^ >^313 



x _ (r 2 - 2mr + e 2 )(3e 2 - 2mr) 2 _ (2mr - e 2 ) sin 2 6> 

R4I4 — 3 1 — 
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